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1. Introduction
Space robots having manipulators are expected to work in future space missions (Xu &
Kanade, 1993). Since it is difficult to supply fuel to the robots equipped with rocket motors
during manipulation, control methods for free-floating space robots consisting of a base and a
manipulator have been proposed (Dubowsky & Papadopulos, 1993; Masutani et al., 1989a;b;
Sagara et al., 1998a;b; Shin et al., 1995; Umetani & Yoshida, 1989; Yamamoto et al., 1995). Most
of them use the inverse of the Generalized Jacobian Matrix (GJM) which is a coefficient ma-
trix between the velocity of the end-effector of the manipulator and the manipulator’s joint
velocity (Umetani & Yoshida, 1989). Therefore, in a case that the robot manipulator gets into
a singular configuration, the inverse of the GJM does not exist and the manipulator is out of
control. For this problem, a continuous-time control method using the transpose of the GJM
has been proposed for manipulators equipped with joint torque controllers (Masutani et al.,
1989a;b).
In practical systems digital computers are utilized for controllers. So, we have proposed a
discrete-time control method using the transpose of the GJM (Taira et al, 2001). The control
method using the transpose of the GJM uses position and orientation errors between the de-
sired and actual values of the end-effector. Namely, the control method belongs to a class
of constant value control such as PID control. Therefore, the value of the errors depends on
the desired linear and angular velocities of the end-effector based on the desired trajectory.
To obtain higher control performance we have proposed a digital trajectory tracking control
method that has variable feedback gains depending on the desired linear and angular veloc-
ities of the end-effector (Sagara & Taira, 2007). Moreover, we have also proposed the control
method for manipulators with velocity type joint controllers (Sagara & Taira, 2008b).
In addition, it is considered that many tasks will be achieved by cooperative motions of sev-
eral space robots in future space missions. We have studied control problems for realizing
cooperative manipulations, and reported that a system consisting of space robots with ma-
nipulators and a floating object can be treated as a kind of distributed system (Katoh et al.,
1997; Sagara et al., 1998b). Using the distributed system representation, each robot consisting
of the distributed system can be designed by the control system individually, and we have re-
ported a cooperative manipulation of a floating object by some space robots with the control
methods using the transpose of the GJM (Sagara & Taira, 2008a; 2009).
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In this chapter, our proposed control methods for space robot manipulators using the trans-
pose of the GJM are described and the computer simulations are performed. First, for ma-
nipulators equipped with joint torque controllers we explain about a basic control method
using constant feedback gains with the proof of stability. Next, to obtain higher control per-
formance, we introduce a trajectory tracking control method with variable feedback gains for
both torque and velocity joint inputs. Moreover, we address a cooperative manipulation of a
floating object by some space robots with the control methods using the transpose of the GJM.
Simulations where manipulators get into a singular configuration are also performed for the
cooperative manipulation.
2. Modelling of space robot
We consider a free-floating space robot manipulator, as shown in Figure 1. It has an uncon-
trolled base and an n-DOF manipulator with revolute joints. Let link 0 denote a base main
body, link i (i = 1, · · · , n) the i-th link of the manipulator and joint j a joint connecting
link (i − 1) and link i. The target of the end-effector of the manipulator is stationary in an
inertial coordinate frame.
Σ
Σ
Σ
Σ
Fig. 1. Model of a space robot manipulator with an uncontrolled base
Assumptions and symbols used in this chapter are defined as follows:
Assumptions
A1) All elements of the space robot are rigid.
A2) The robot system is standing still at an initial state, i.e., the initial linear momentum and
angular momentum of the space robots are zero.
A3) No external force acts on the robot system.
A4) Positions and attitude angles of robots and an object in inertial coordinate frame can be
measured.
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Symbols
ΣI : inertial coordinate frame
ΣB : base coordinate frame
ΣE : end-effector coordinate frame
ΣT : target coordinate frame
Σi : link i coordinate frame
pE : position vector of origin of ΣE
pT : position vector of origin of ΣT
pi : position vector of joint i
r0 : position vector of center of mass of base
ri : position vector of center of mass of link i
rg : position vector of center of mass of system
v0 : linear velocity vector of origin of ΣB
vE : linear velocity vector of origin of ΣE
ω0 : angular velocity vector of origin of ΣB
ωE : angular velocity vector of origin of ΣE
ki : unit vector indicating joint axis direction of joint i
φ : joint angle vector
τ : joint torque vector
m0 : mass of base
mi : mass of link i
I0 : inertia tensor of base
Ii : inertia tensor of link i
E : identity matrix
˜{·} : Tilde operator stands for a cross product such that r˜a = r× a
Note that all vectors and inertia tensors are definedwith respect to the inertial reference frame.
2.1 kinematics and dynamics in continuous-time domain
In this subsection, kinematics and dynamics of the robot shown in Figure 1 are briefly de-
scribed. The derivation of the following equations are founded in reference (Umetani &
Yoshida, 1989).
First, a kinematic equation of the robot is described as
ν(t) =
[
vE(t)
ωE(t)
]
= Js
[
v0(t)
ω0(t)
]
+ Jmφ˙(t) (1)
where
Js =
[
E r˜0 − p˜E
0 E
]
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and
Jm =
[
k˜1(pE − p1) k˜2(pE − p2) · · · k˜n(pE − pn)
k1 k2 · · · k1
]
are Jacobian matrices for a robot base motion dependent part and a manipulator dependent
part, respectively.
Next, with an assumption that total momentum of the system is held to zero, a linear and an
angular momentum of the system, P and L, are described as follows:[
P
L
]
=
[
wE w(r˜g − r˜0)
T
wr˜g Iω
] [
v0(t)
ω0(t)
]
+
[
JTw
Iφ
]
φ˙(t) = 0 (2)
where
Iω =
n
∑
i=1
{Ii − mir˜i(r˜i − r˜0)}+ I0,
Iφ =
n
∑
i=1
(IiJRi + mir˜iJTi ),
JTw =
n
∑
i=1
miJTi ,
JTi =
[
k˜1(ri − p1), k˜2(ri − p2), · · · , k˜i(ri − pi), 0, · · · , 0
]
,
JRi = [k1, k2, · · · , ki, 0, · · · , 0] .
Furthermore, an equation of motion of the robot is
Hφ¨(t) +Cφ˙(t) = τ (t) (3)
where
H = Hφ −
[
JTTw H
T
ωφ
] [ wE w(r˜g − r˜0)T
w(r˜g − r˜0) Hω
]−1 [
JTw
Hωφ
]
,
C =
1
2
H˙ +S,
Sφ˙ =
1
2
H˙φ˙−
∂
∂φ
{
1
2
φ˙THφ˙
}
,
Hω =
n
∑
i=1
{
Ii + mi(r˜i − r˜0)
T(r˜i − r˜0)
}
+ I0,
Hωφ =
n
∑
i=1
{
IiJRi + mi(r˜i − r˜0)JTi
}
,
Hφ =
n
∑
i=1
(
JTRiIiJRi + miJ
T
Ti
JTi
)
.
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From Equations (1) and (2), the following relationship between the end-effector velocity and
the joint velocity can be obtained:
ν(t) =
[
vE(t)
ωE(t)
]
= Jφ˙(t) =
[
JL
JA
]
φ˙(t) (4)
where
J = J¯m − J¯sI
−1
s Im,
Is =
n
∑
i=0
{Ii − mi(r˜i − r˜g)(r˜i − r˜g)},
Im = Iφ − r˜gJTw,
J¯m = Jm − Js

 1wJTw
0

 ,
J¯s = Js
[
r˜g − r˜0
E
]
.
J is the GJM that is an extended and generalized form of manipulator Jacobian implying the
reaction dynamics of free-floating systems. JL and JA are the GJMs of the linear and angular
velocities, respectively.
2.2 Discrete-time representation
To design digital control systems, discrete-time representation of Equations (4) and (3) are
given.
Discretizing Equation (4) by a sampling period T, the following discrete-time relationship
between the end-effector velocity and the joint velocity can be obtained:
vE(k) = JL(k)φ˙(k), (5)
ωE(k) = JA(k)φ˙(k). (6)
Note that the discrete-time kT is abbreviated to k.
Similarly, the equation of motion (3) is descretized applying φ¨(k) to the backward Euler ap-
proximation:
φ˙(k) = φ˙(k − 1)− TH−1(k)
{
C(k)φ˙(k)− τ (k)
}
(7)
where
C(k) =
1
2
H˙(k) +S(k),
S(k)φ˙(k) =
1
2
H˙(k)φ˙(k)−
∂
∂φ(k)
{
1
2
φ˙T(k)H(k)φ˙(k)
}
.
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2.3 Position and orientation errors
In this subsection, a position and an orientation errors, which are used as feedback signals in
the control methods described below, are defined (Taira et al, 2001).
2.3.1 Position error
The discrete-time position error between the target and the end-effector is defined as
eL(k) = pT − pE(k). (8)
Using Equations (5) and (8), and the backward Euler approximation of vE, i.e.,
vE(k) =
1
T
{pE(k)− pE(k − 1)},
the following difference equation of the position error is obtained:
eL(k) = eL(k − 1)− TvE(k)
= eL(k − 1)− TJL(k)φ˙(k). (9)
2.3.2 Orientation error
In order to represent orientation of the end-effector and the target, we introduce the following
rotation matrices:
AE(t) =
[
nE(t) sE(t) aE(t)
]
, (10)
AT =
[
nT sT aT
]
(11)
where n∗, s∗ and a∗ (∗ = E, T) are unit vectors along the axes of Σ∗ with respect to ΣI , and
n˙E(t) = ω˜E(t)nE(t) = −n˜E(t)ωE(t)
s˙E(t) = ω˜E(t)sE(t) = −s˜E(t)ωE(t)
a˙E(t) = ω˜E(t)aE(t) = −a˜E(t)ωE(t)


(12)
is satisfied.
The continuous-time orientation error between the target and the end-effector is defined as
EA(t) =


nT −nE(t)
sT − sE(t)
aT − aE(t)

 . (13)
Using Equations (6), (12) and (13), we have
E˙A(t) = −


n˙E(t)
s˙E(t)
a˙E(t)

 = EX(t)JA(t)φ˙ (14)
where
EX(t) =


n˜E(t)
s˜E(t)
a˜E(t)

 .
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Discretizing Equation (14) by the sampling period T, and the backward Euler approximation
of E˙A, the following difference equation of the orientation error is obtained:
EA(k) = EA(k− 1) + TEX(k)JA(k)φ˙(k). (15)
Furthermore, the discrete-time orientation error used in the control method described below
is defined as
eA(k) =
1
2
{n˜E(k)nT + s˜E(k)sT + a˜E(k)aT} . (16)
It should be noted that a relationship between EA and eA is given by the following equation:
eA(k) = −
1
2
EX
T(k)EA(k). (17)
Hence, if a condition
nE
T(k)nT + sE
T(k)sT + aE
T(k)aT > −1
is satisfied, EA(k) = 0 is equivalent to eA(k) = 0 (Masutani et al., 1989b).
3. Basic control method using transpose of GJM
In this section, we address a basic digital control method using the transpose of the GJM (Taira
et al, 2001). The control method guarantees the stability of system in discrete-time domain by
using Lyapunov’s direct method for difference equations.
A joint torque command is given by
τd(k) = JL
T(k) {kL(k)eL(k)−KL(k)vE(k)}+ JA
T(k) {kA(k)eA(k)−KA(k)ωE(k)} (18)
where, k† († = L, A) is a positive scalar gain andK† is a symmetric and positive definite gain
matrix.
The following theorem establishes the stability properties of the Equation (18).
Theorem 1. Assume that the joint torque of the manipulator is identical to the joint torque command
given by Equation (18), i.e., τ (k) ≈ τd(k), and number of joints is n = 6. In the system represented
by Equations (7), (9), (15) and (18), the equilibrium state
rE(k) = rT , nE(k) = nT , sE(k) = sT , aE(k) = aT , φ˙(k) = 0 (19)
is asymptotically stable, if the following conditions hold during manipulation:
rank
[
JL
T(k) JA
T(k)
]
= 6 ( f ull rank), (20)
nE
T(k)nT + sE
T(k)sT + aE
T(k)aT > −1. (21)
Proof.
We choose
W(k) = W1(k) +W2(k) +W3(k) (22)
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as a candidate for a Lyapunov functionwhich is positive definite, and its first difference∆W(k)
is defined as
∆W(k) = W(k)− W(k − 1) =
3
∑
i=1
∆Wi(k) (23)
where
W1(k) = kpeL
T(k)eL(k), (24)
W2(k) =
1
2
kAEA
T(k)EA(k), (25)
W3(k) = φ˙
T(k)H(k)φ˙(k), (26)
∆Wi(k) = Wi(k)− Wi(k − 1) (i = 1, 2, 3). (27)
From Equation (9), ∆W1(k) is represented as follows:
∆W1(k) = −2kLTφ˙
T(k)JL
T(k)eL(k)− kLT
2φ˙T(k)JL
T(k)JL(k)φ˙(k). (28)
Similarly, using Equations (15) and (17) and the property that EX
T(k)EX(k) = 2E, ∆W2(k)
can be rewritten as
∆W2(k) = kATφ˙
T(k)JA
T(k)EX
T(k)EA(k)−
1
2
kAT
2φ˙T(k)JA
T(k)EX
T(k)EX(k)JA(k)φ˙(k)
= −2kATφ˙
T(k)eA(k)− kAT
2φ˙T(k)JA
T(k)JA(k)φ˙(k). (29)
For ∆W3(k), assuming H(k) ≈ H(k − 1) for one sampling period, i.e., H˙(k) ≈ 0, and using
Equation (7) and the property
φ˙T(k)S(k)φ˙(k) = 0, ∀k
we have
∆W3(k) = 2Tφ˙
T(k)τ (k)− T2{S(k)φ˙(k)− τ (k)}TH−1(k){S(k)φ˙(k)− τ (k)} (30)
Substituting τ (k) ≈ τd(k) and Equations (5), (6) and (18) into Equation (30) yields
∆W3(k) =2kLTφ˙
T(k)JL
T(k)eL(k) + 2kATφ˙
T(k)JA
T(k)eL(k)
− 2Tφ˙T(k)JL
T(k)KAvE(k)− 2Tφ˙
T(k)JA
T(k)KAωE(k)
− T2{S(k)φ˙(k)− τd(k)}
TH−1(k){S(k)φ˙(k)− τd(k)}
=2kLTφ˙
T(k)JL
T(k)eL(k) + 2kATφ˙
T(k)JA
T(k)eL(k)
− 2Tφ˙T(k)JL
T(k)KAJL(k)φ(k)− 2Tφ˙
T(k)JA
T(k)KAJA(k)φ(k)
− T2{S(k)φ˙(k)− τd(k)}
TH−1(k){S(k)φ˙(k)− τd(k)}. (31)
From Equations (28), (29) and (31), Equation (23) can be rewritten as
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∆W(k) =− kLT
2φ˙T(k)JL
T(k)JL(k)φ˙(k)− kAT
2φ˙T(k)JA
T(k)JA(k)φ˙(k)
− 2Tφ˙T(k)JL
T(k)KAJL(k)φ(k)− 2Tφ˙
T(k)JA
T(k)KAJA(k)φ(k)
− T2{S(k)φ˙(k)− τd(k)}
TH−1(k){S(k)φ˙(k)− τd(k)}
=− 2Tφ˙T(k)K¯(k)φ˙(k)− T2φ˙T(k)Q¯(k)φ˙(k)
− T2{S(k)φ˙(k)− τd(k)}
TH−1(k){S(k)φ˙(k)− τd(k)}
≤0 (32)
where
K¯(k) =
[
JL
T(k) JA
T(k)
] [KL 0
0 KA
] [
JL(k)
JA(k)
]
,
Q¯(k) =
[
JL
T(k) JA
T(k)
] [kLE 0
0 kAE
] [
JL(k)
JA(k)
]
and K¯(k) and Q¯(k) are positive definite matrices.
In Equation (32), ∆W(k) = 0 is satisfied if and only if φ˙(k) = 0 and τd(k) = 0. In addition,
from Equations (5) and (6), the condition of φ˙(k) = 0 holds vE(k) = 0 and ωE(k) = 0. Then,
in the case of φ˙(k) = 0 and τd(k) = 0, Equation (18) becomes
[
JL
T(k) JA
T(k)
] [ kLeL(k)
kAeA(k)
]
= 0 (33)
and this equation is equivalent to eL(k) = 0 and eA(k) = 0 under the condition (20). Further-
more, eA(k) = 0 is equivalent to EOI = 0 under the condition (21).
Therefore, since W(k) = 0 and ∆W(k) = 0 are satisfied if and only if the state is (19), and the
other state keeps W(k) > 0 and ∆W(k) < 0, W(k) is a Lyapunov function and the equilibrium
state (19) is is asymptotically stable. 
In order to validate the effectiveness of the control law (18), computer simulations were per-
formed. Figure 2 shows the simulation model which has a 6-DOF manipulator, whose physi-
cal parameters are shown in Table 1.
To avoid excessive inputs and to improve the end-effector path from the initial point to the
target, the following conditions are used:
e¯L(k) =


eL(k) (||eL(k)|| ≤ eLmax )
eL(k)
||eL(k)||
eLmax (||eL(k)|| > eLmax )
, (34)
e¯A(k) =


eA(k) (||EA(k)|| ≤
√
2eAmax )√
2eA(k)
||EA(k)||
eAmax (||EA(k)|| >
√
2eAmax )
, (35)
Simulation was carried out under the following condition. The sampling period is T = 0.01[s]
and t the controller parameters are kL = 150, kA = 150, KL = diag[300 150 600], KA =
diag[10 10 50], eLmax = 0.2 and eAmax = 0.2.
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Fig. 2. Simulation model of 6-DOF space robot
Length Mass Moment of inertia
m kg kg·m2
Iix Iiy Iiz
Base 3.5 2000 1933 1936 2537
Link 1 0.25 5 0.16 0.06 0.17
Link 2 2.5 50 0.79 35.0 35.4
Link 3 2.5 50 0.79 35.0 35.4
Link 4 0.5 10 0.27 0.45 0.27
Link 5 0.25 5 0.04 0.06 0.06
Link 6 0.5 5 0.07 0.23 0.26
Table 1. Physical parameters of 6-DOF space robot
Simulation result is shown in Figure 3. From this figure, we can see that the position and
orientation of the end-effector are well controlled nevertheless the base is moved.
4. Trajectory tracking control
The basic control law (18) uses position and orientation errors between the desired and actual
values of the end-effector of the manipulator. Namely, the basic control method using Equa-
tion (18) belong to a class of constant value control such as PID control. So, the basic control
method can adopt a desired trajectory of the end-effector for practical purposes. The value
of errors, however, depends on the desired linear and angular velocities of the end-effector
based on the desired trajectory. In this section, we address digital trajectory tracking control
methods using the transpose of the GJM (Sagara & Taira, 2007; 2008b).
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Fig. 3. Simulation result of 6-DOF robot using basic control law (18)
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4.1 Tracking control
To apply the basic control law (18) to tracking control, the following equations are utilized
instead of Equations (8) and (17):
e¯L(k) = pT(k)− pE(k), (36)
e¯A(k) = −
1
2
EX
T(k)E¯A(k) (37)
where
E¯A(k) =


nT(k)−nE(k)
sT(k)− sE(k)
aT(k)− aE(k)

 .
To examine the performance of the tracking control using Equation (18), three types of simu-
lations were performed using a horizontal planar 3-DOF robot shown in Figure 4 with object.
z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Link 2 2.5 50 26.2
Link 3 0.5 5 0.23
Object 4.0 100 200.0
Fig. 4. Simulation model of 3-DOF space robot
Simulations were carried out under the following condition. A point of interest of the object
moves along a straight path from the initial position to the target position, and the object angle
is set to the initial value. The sampling period is T = 0.01s and the feedback gains are set for
the following cases.
Case 1: This is the basic case. The feedback gains are kL = kA = 50000, KL =
diag{5000, 5000} andKA = 5000.
Case 2: Position and orientation feedback gains, kL and kA, are set to larger values than those
in Case 1. The gains are kL = kA = 100000,KL = diag{5000, 5000} andKA = 5000.
Case 3: Linear and angular velocity feedback gains KL and KA are set to smaller values
than those in Case 1. The gains are kL = kA = 50000, KL = diag{3000, 3000} and
KA = 3000.
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Fig. 5. Simulation result of using basic control law (18)
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Figure 5(a) shows the motion of the robot in Case 1. From Figure 5(a), it can be seen that
tracking control using the control law (18) is valid. Figure 5(b) shows the simulation results
in all cases. This figure consists of the norm of the desired linear velocity of the object, the
position errors of x and y directions, the orientation error, and the control inputs of joint 1,
2 and 3. Furthermore, Figure 6 shows the time-history of the position and orientation errors
after the object reaches the vicinity of the target. From Figure 5(b), the tracking errors in
Case 2 and 3 are smaller than the errors in Case 1, while the desired velocity is transitional.
From Figure 6, however, the convergent performance of the target becomes slightly worse.
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Fig. 6. Position and orientation errors after the object reaches the vicinity of the target
So, to get good control performance, we propose the modified control law (Sagara & Taira,
2007):
τd(k) = JL
T(k)
{
kˆL(k)eˆL(k)− KˆL(k)vE(k)
}
+ JA
T(k)
{
kˆA(k)eˆA(k)− KˆA(k)ωE(k)
}
(38)
where
kˆ†(k) = k†{1+ α†ν†(k)}, Kˆ†(k) = K†{1− β†ν†(k)} († = L, A),
νL(k) =
||vintd (k)||
vdmax
, νA(k) =
||ωintd (k)||
ωdmax
,
and vEd (k) and ωEd (k) are the desired velocities of vE(k) and ωE(k), respectively, vdmax and
ωdmax are the maximum values of the norm of vEd (k) and ωEd (k), α∗ (α∗ ≥ 0) and β∗ (0 ≤
β∗ ≤ 1) (∗ = L, A) are setting parameters.
To verify the validity of the tracking control law (38), a simulation was performed. The values
of the feedback gains, kL, kA,KL andKA, for this simulation and for Case 1 are the same. The
setting parameters are αA = αL = 0.8 and βA = βL = 0.3.
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Fig. 7. Simulation result using tracking control law (38)
Figure 7 shows simulation result using the tracking control law (38). From Figure 7, it can be
seen that good control performance can be achieved using the tracking control law.
4.2 Tracking control for joint velocity controller
The tracking control law (38) can be utilized for manipulators equipped with joint torque
controller. It is considered that joint velocity controllers are also used for space robot ma-
nipulators. In this subsection, we address a tracking control method for robot manipulators
equipped with joint velocity controller (Sagara & Taira, 2008b).
Figure 8(a) shows the time-history of the joint torque and velocity of the simulation result in
case of Figure 7. And Figure 8(b) shows the relation between the actual joint input torque
and the joint angular velocity. From Figure 8(b) we can see that the value of angular velocity
is varying with the constant torque input during the sampling interval T. In other words,
if the control inputs vary roughly for manipulators with joint velocity controllers, the joint
controllers give large torques to the robot.
For manipulators with joint velocity controllers the tracking control law (38) cannot be applied
directly. To obtain similar control performance to the case of the joint torque controllers, we
use the following discrete-time dynamic equation of the robot.
φ˙(k1) = φ˙(k1 − 1)− T1H
−1(k1) {c(k1)− τ (k1)} (39)
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where the sampling period T1 (T = nT1, n is positive integer) is used to Equation (7) instead of
T, and c(k1) = C(k1)φ˙(k1). Here, we assume that φ is constant during the sampling interval
T and c(k1) ≈ c(k1 − 1) during the sampling interval T1. Then for Equation (39) the actual
joint velocity control input φ˙d(k1) is determined as
φ˙d(k1) = φ˙(k1 − 1)− T1H
−1(k) {c(k1 − 1)− τ (k)} (40)
To verify the validity of the control law (38) with Equation (40) simulations were performed.
The condition is the same to the torque input case and the sampling period for Eq. (40) is
T1 = 0.001s (n = 10).
Simulation result is shown in Figure 9. Furthermore, Figure 10 shows the difference of the
joint angular velocity between the case of torque input control and velocity input control.
From these figures, the both control performances are similar and good control performance
can be achieved using the control law (38) with Equation (40).
5. Cooperative manipulation of object
It is considered that many tasks will be achieved by cooperative motions of some space robots
in future space missions. We have studied on control problems for realizing cooperative ma-
nipulations and reported that a system consisting of some space robots withmanipulators and
a floating object can be treated as a kind of distributed system (Katoh et al., 1997; Sagara et al.,
1998b). Using the distributed system representation each robot constituting the distributed
system can be designed the control system individually.
In this section, the tracking control method using the transpose of the GJM is applied to coop-
erative manipulations of a floating object by some space robots (Sagara & Taira, 2008a; 2009).
5.1 Robot system model
In this subsection, we consider a space robot system consisting of M robots with manipulators
and a floating object shown in Figure 11. The h-th robot (h = 1, · · · , M) is consisting of an
uncontrolled base and nh-DOF manipulator with revolute joints.
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Fig. 9. Simulation result using tracking control for joint velocity controller
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The robot system shown in Figure 11 can be understood as one robot with M manipulators by
regarding the object as a robot body, and M robot arms and robot bodies as M manipulators.
The kinematic formulation of such space system has been derived by (Yoshida et al., 1991a;b).
So, several symbols defined in Section 2 are changed. These symbols used in this section are
redefined as follows:
r0 : position vector of center of mass of base
pE : position vector of center of object
pint : position vector of point of interest on object
pT : position vector of point of interest
v0 : linear velocity vector of center of mass of object
vint : linear velocity vector of point of interest
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ω0 : angular velocity vector of center of mass of object
ωint : angular velocity vector of point of interest
ih: number of link or joint i of robot h
phi : position vector of joint i
h
rhi : position vector of mass center of link i
h
khi : unit vector indicating joint axis direction of joint i
h
rhg : position vector of mass center of robot h
φhi : relative angle of joint i
h
m0: mass of object
mhi : mass of link i
h
I0: inertia tensor of object
Ihi : inertia tensor of link i
h
The relation obtained from the geometrical relationships of the robot system, and the conser-
vation laws of linear momentum and angular momentum as follows:
νint =
[
vint
ωint
]
= J cs
[
v0
ω0
]
, Hcs
[
v0
ω0
]
+Hcmφ˙ = 0 (41)
where
J cs =
[
E r˜0 − p˜int
0 E
]
, Hcs =
[
wE w(r˜0 − r˜g)
wr˜g I
c
w
]
, Hcm =
[
J cTw
Icφ
]
,
φc =
[
(φ1)T , (φ2)T , · · · , (φM)T
]T
,
Icw =
M
∑
h=1
Ihw + Io, J
c
Tw
=
M
∑
h=1
JhTw , I
c
φ =
M
∑
h=1
Ihφ ,
Ihw =
nh
∑
i=1
{Ihi − m
h
i r˜
h
i (r˜
h
i − r˜
h
0 )}, J
h
Tw
=
nh
∑
i=1
mhi J
h
Ti
, Ihφ =
nh
∑
i=1
(Ihi J
h
Ri
+ mhi r˜
h
i J
h
Ti
),
JhTi =
[
Oa J¯
h
Ti
Ob
]
, JhRi =
[
Oa J¯
h
Ri
Ob
]
,
J¯hTi =
[
k˜h1(r
h
i − p
h
1), · · · , k˜
h
i (r
h
i − p
h
i ), 0, · · · , 0
]
, J¯hRi =
[
kh1 , · · · , k
h
i , 0, · · · , 0
]
,
and Oa ∈ R3×na (na = ∑
h−1
i=1 ni) and Ob ∈ R
3×nb (nb = ∑
M
i=h+1 ni) are zero matrices.
Form Equation (41), the relation between velocity νint of the object and joint angular velocity
φ˙c of the manipulator can be derived as
νint = J
cφ˙c (42)
where J c = −J cs (H
c
s )
−1Hcm is a GJM of the system shown in Figure 11.
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5.2 System partition
For the system shown in Figure 11 control systems can be easily constructed by using Equa-
tion (42). However, if the number of robots is changed, Equation (42) must be recalculated.
Furthermore, if the number of robots becomes increased, a large amount of calculation for
the system is necessary. To solve the problems described above, This total robot system is
regarded as a distributed system.
By examining parameters and variables included in the matrixHcs and vectorH
c
mφ˙
c in Equa-
tion (41), the matrix and vector can be rewritten as
Hcs = H
0
s +
M
∑
h=1
Hhs , H
c
mφ˙
c =
M
∑
h=1
Hhmφ˙
h (43)
where
H0s =
[
m0E 0
m0r˜0 I0
]
, Hhs =
[
mhE mh(r˜h0 − r˜
h
g)
mhr˜hg I
h
w
]
, Hhm =
[
J¯hTw
I¯hφ
]
,
mh =
nh
∑
i=1
mhi , J¯
h
Tw
=
nh
∑
i=1
mhi J¯
h
Ti
, I¯hφ =
nh
∑
i=1
(
Ihi J¯
h
Ri
+ mhi r˜
h
i J¯
h
Ti
)
.
Hhs andH
h
m are matrices including parameters the h-th robot only, andH
0
s is a matrix includ-
ing parameters of the object only.
Equations (41) and (43) make the following relation:(
H0s +
M
∑
h=1
Hhs
)
(J cs )
−1
νint +
M
∑
h=1
Hhmφ˙
h = 0. (44)
It is clear that the following set of equations is one of solutions of Equation (44), when a
constant and diagonal matrixAh is introduced.
H¯hs (J
c
s )
−1
νint +H
h
mφ˙
h = 0 (h = 1, · · · , M) (45)
where
H¯hs = H
h
s +AhH
0
s ,
M
∑
h=1
Ah = E.
Then, the following relation can be derived from Equations (45).
νint = −J
c
s
(
H¯hs
)−1
Hhmφ˙
h (h = 1, · · · , M). (46)
Therefore, for each robot of the system the control system can be designed individually.
5.3 Simulation
To examine the performance of the control methods using the transpose of the GJM, simula-
tions are performed by using three of the horizontal planar 3-DOF robots shown in Figure 12
and an object. Note that the physical parameters of the robots shown in Figure 12 and 4 are
the same, except for numbering the links and the joints.
All simulations were carried out under the following condition. A point of interest on the
object moves along a straight path from the initial position to the target position and the object
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angle is set up the initial value. The sampling period is T = 0.01s and the coefficient matrices
areA1 = A2 = 0.33E andA3 = 0.34E.
5.3.1 Robustness for singular configuration
Our proposed control methods using the transpose of the GJM can be utilized to the case
of a singular configuration of manipulator. The robustness for the singular configuration is
demonstrated by simulations using the basic control law (18).
Simulations were carried out under the following condition. The feedback gains are kL =
kA = 3× 10
4,KL = diag{2× 10
3, 2× 103} andKA = 2× 10
3. Furthermore, one of the robots
breaks down 2.5s after simulations are started, and the physical parameters of the floating
object are shown in Table 2.
Diameter [m] Mass [kg] Moment of inertia [kg·m2]
Object 3.0 100 106.2
Table 2. Physical parameters of floating object
Figure 13 shows the simulation result. From this figure, we can see that the determinant of
GJM of Robot 1 changes from positive values to negative values affected by the breakdown of
Robot 3, and the floating object can be manipulated by the robot system in spite of the singular
configuration of Robot 1. Therefore, our proposed control methods using the transpose of the
GJM have the robustness for the singular configuration of manipulator.
5.3.2 Tracking control for joint torque controller
Next, the tracking control law (38) is applied to the robot system (Sagara & Taira, 2008a).
Simulations were carried out under the following condition. The feedback gains are kL =
kA = 2× 10
5, KL = diag{2× 10
4, 2× 104} and KA = 2× 10
4. The setting parameters are
α† = 2 and β† = 0.2 († = L, A). The physical parameters of the floating object are shown in
Table 3.
Diameter [m] Mass [kg] Moment of inertia [kg·m2]
Object 4.0 1200 2400.0
Table 3. Physical parameters of floating object for tracking control method
Figure 14 shows the simulation result. Figure 14(b) also shows the case of the basic control,
i. e., α† = β† = 0. From Figure 14, it can be seen that good control performance can be
achieved using the tracking control law (38).
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Fig. 13. Simulation result of robot system using basic control law (18)
5.3.3 Tracking control for joint velocity controller
From the simulation result shown in Figure 9, the tracking control law (38) with discrete-time
dynamic equation (40) can be applied to single manipulators equipped with joint velocity
controllers. For the robot system shown in Figure 11, the dynamics of each robot is affected
by other robots. Thus, the external force affected by other robots must be considered (Sagara
& Taira, 2009).
Based on the dynamic equation (39), the dynamic equation of the h-th robot shown in Figure 11
is obtained:
χh(k1) = χ
h(k1 − 1)− T1H
h−1(k1)
{
ch(k1)−u
h(k1)
}
. (47)
where
χ =
[
η0
φ˙h
]
, u =
[
f h
τ h
]
,
and Hh is the symmetric and positive definite inertia matrix, ch is the vector of Coliolis and
centrifugal forces, η0 = [v0
T , ω0
T ]T is the velocity of the mass center of object, f h is the
external force affected by other robots.
For Eq. (47) the actual joint velocity control input φ˙h
d
(k1) is determined as
χh
d
(k1) = χ
h(k1 − 1)− T1H
h−1(k)
{
ch(k1 − 1)−u
h
d
(k1)
}
(48)
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Fig. 14. Simulation result of robot system using tracking control law (38) (torque input)
where
χd(k1) =
[
ηh0d
(k1)
φ˙h
d
(k1)
]
, ud(k1) =
[
f h(k1)
τ h
d
(k)
]
.
Since the value of the external force fh affected by other robots cannot obtained directly, a
disturbance observer in discrete time (Godler et al., 2002) is used to estimate fh.
The equation of motion of the floating object with respect to the h-th robot is
Hh0 (k1)η˙0(k1) = f
h(k1)+ H¯
h
0 η˙
h
0d
(k1) (49)
where Hh0 (k1) is the inertia matrix of the floating object and
H¯h0 = Ah
[
m0E 0
0 I0
]
is the nominal model of Hh0 (k1).
For Equation (49) the estimated value of fh, fˆh, can be obtained from the disturbance ob-
server as shown in Figure 15. In this figure, (a), (b) and (c) show the basic configuration in
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Fig. 15. Disturbance observer
continuous-time, the equivalent transformation of (a) and the discrete-time version, respec-
tively, Tf is a time constant of a low-pass filter, p and q are the differential and shift operators.
From Figure 15(c), the estimated force can be obtained as follows:
fˆ h(k1) =fˆ
h(k1 − 1)+
(
1− e−T1/Tf
)
H¯h0 η˙0d (k1 − 1)
+
1
Tf
H¯h0
{
η0(k1)+
(
1− 2e−T1/Tf
)
η0(k1 − 1)
}
. (50)
Simulations were performed to validate the effectiveness of the control method described
above. The simulation condition for the joint velocity controllers is the same as those for
the joint torque controllers. In addition, the time constant for the low-pass filter is Tf = 1s.
Figure 16 shows the simulation result. From Figure 16(a), the object is successfully moved
by three robots. And from Figure 16(b), it can be seen that good control performance can be
achieved.
6. Conclusion
In this chapter, our proposed control methods for space robot manipulators using transpose
of GJM were described and the computer simulations were performed. For manipulators
equipped with joint torque controllers we explained about a basic control method using con-
stant feedback gains with the proof of stability. To obtain higher control performance, we
addressed trajectory tracking control methods with variable feedback gains for both torque
and velocity joint inputs. Moreover, we addressed a cooperative manipulation of a floating
object by some space robots with the control methods using transpose of GJM. For the coop-
erative manipulation, simulations where manipulators get into a singular configuration were
also performed.
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